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Abstract

The hybrid Monte Carlo (HMC) method is a popular and rigorous method for sampling from a canonical ensemble.
The HMC method is based on classical molecular dynamics simulations combined with a Metropolis acceptance criterion
and a momentum resampling step. While the HMC method completely resamples the momentum after each Monte Carlo
step, the generalized hybrid Monte Carlo (GHMC) method can be implemented with a partial momentum refreshment
step. This property seems desirable for keeping some of the dynamic information throughout the sampling process similar
to stochastic Langevin and Brownian dynamics simulations. It is, however, ultimate to the success of the GHMC method
that the rejection rate in the molecular dynamics part is kept at a minimum. Otherwise an undesirable Zitterbewegung in
the Monte Carlo samples is observed. In this paper, we describe a method to achieve very low rejection rates by using a
modified energy, which is preserved to high-order along molecular dynamics trajectories. The modified energy is based on
backward error results for symplectic time-stepping methods. The proposed generalized shadow hybrid Monte Carlo
(GSHMC) method is applicable to NVT as well as NPT ensemble simulations.
© 2008 Elsevier Inc. All rights reserved.

PACS: 47.10.Df; 47.11.Mn; 31.15.—p; 31.25.Qg; 02.50.Ga; 02.70.Uu; 02.70.Ns; 82.20.Wt

1. Introduction

A rigorous method for performing constant temperature simulations is provided by the hybrid Monte Car-
lo (HMC) method [1,2]. The HMC method combines constant energy molecular dynamics simulations with a
Metropolis acceptance criterion and a momentum resampling step. It is crucial that the constant energy
molecular dynamics simulations are performed with a volume-preserving and time-reversible method. While
having the advantage of providing a rigorous sampling technique, practical experience shows, however, that
the acceptance rate in the molecular dynamics part of HMC decreases with the size of the molecular system. In
particular, HMC simulations become rather inefficient for large biomolecular simulations. Possible rescues
include reduction of step-size or increase of accuracy of the molecular simulations by using a higher-order
method. Both approaches increase, however, the computational cost significantly. A different approach has
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been considered by Izaguirre and Hampton [3], who suggest to make use of the modified equations analysis
available for symplectic time-stepping methods such as the Stormer—Verlet method. The fundamental result of
[4-6] is that any symplectic integrator (see [7,8] for a general discussion of symplectic methods) possesses a
modified Hamiltonian H,,, which is preserved along the numerical trajectories up to terms o exp(—c/At),
where ¢ > 0 is a constant and At is the step-size. The shadow hybrid Monte Carlo (SHMC) method [3] samples
from a properly defined modified energy and is able to achieve very high acceptance rates in the molecular
dynamics part of HMC. Efficient algorithms for computing modified energies can be found in [9,10]. However,
the momentum resampling step becomes more complex under the SHMC method. In fact, the necessary bal-
ance between increased acceptance in the molecular dynamics update and reduced acceptance in the momen-
tum updates limits the efficiency gains of SHMC over HMC [11]. More recently, the S2HMC method has been
introduced in [12], which overcomes the efficiency limitation of SHMC at the level of fourth-order modified
energies. An extension of S2ZHMC to higher-order modified energies is currently not available.

In a related paper [13], Akhmatskaya and Reich proposed the targeted shadow hybrid Monte Carlo
(TSHMC) method, which combines the idea of modified energies for HMC with a partial momentum update.
It is the purpose of the present paper to develop the TSHMC method further by making a link to the general-
ized hybrid Monte Carlo (GHMC) method [14,15]. We call the new method generalized shadow hybrid Monte
Carlo (GSHMC). The link to GHMC will allow us in particular to develop an efficient momentum refresh-
ment step for GSHMC based on the work of Kennedy and Pendleton [15]. This partial momentum update
keeps some of the dynamic information throughout the sampling process similar to stochastic Langevin
and Brownian dynamics simulations. Furthermore, we develop the GSHMC method for molecular systems
in generalized coordinates and for the constant pressure formulation of Andersen [16]in particular. A key pre-
requisite is the derivation of an appropriate symplectic and time-reversible time-stepping method and the for-
mulation of modified energies. A high acceptance rate in the molecular dynamics part of GSHMC is necessary
to avoid an undesirable Zitterbewegung due to momentum reversal after a rejected molecular dynamics
update. Under the GSHMC method we can achieve this by using modified energies of high enough order.
We finally note that the possibility of combining HMC with the constant pressure method of Andersen has
been indicated in [2] already.

The paper is organized as follows. We first summarize the GHMC method. We then show how to derive a
symplectic and time-reversible time-stepping method for constant energy molecular dynamics in generalized
coordinates. This is followed by the introduction of the GSHMC method, the derivation of a fourth-order
modified energy, and the discussion of improved momentum refreshment steps. We provide implementation
details for GSHMC simulations under an NVT and NPT ensemble. We demonstrate that the constant pres-
sure GSHMC method can be thought of as a rigorous implementation (in the sense of time-stepping artifacts)
of the Langevin piston method of Feller et al. [17]. We finally provide numerical results from simulations for
argon and a lysozyme protein (2LZM) in water solvent.

2. The generalized hybrid Monte Carlo method
We consider a molecular system with m degrees of freedom described by generalized coordinates q € R",

potential energy function ¥(q) and symmetric (possibly non-constant) mass matrix M(q) € R™". The corre-
sponding equations of motion can be derived from the Lagrangian functional

n
Lid = [ £60.a0)dr 1)
fo
with Lagrangian density
. 1. .

£(q,q) =54 [M(@al - V(a). 2)
The associated Euler-Lagrange equations are given by

doL oL d . 1 . .

&@—a—qfaw(q)q] +VeV(@) =5 Vela- [M(q)d]} = 0. 3)
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To switch to the Hamiltonian formulation, we first introduce the momentum conjugate to q:
oL

P=5q = M@ (4)
The resulting Hamiltonian (energy) is

Hap) = g~ £ = 5d- M@+ 7 (a) = 5p- M) 9]+ Vo) 5
with canonical equations of motion

d=+V,H(q,p) = M(q) 'p, (6)

b= —VyH(a.p) = 5 Valp- [M(@) B} — Vo (@) )

We now recall that a Markov process will converge to some distribution of configurations if it is con-
structed out of updates each of which has the desired distribution as a fixed point, and which taken together
are ergodic. The generalized hybrid Monte Carlo (GHMC) algorithm for sampling from the canonical ensem-
ble with density function:

p(q,p) o< exp(—pH(q,p)), (8)

p =1/kgT, is defined as the concatenation of a molecular dynamics Monte Carlo (MDMC) and a partial
momentum refreshment Monte Carlo (PMMC) step [14,15]. We now describe both steps in more detail.

2.1. Molecular dynamics Monte Carlo (MDMC)
This step in turn consists of three parts:

(1) Molecular dynamics (MD): an approximate integration of Hamilton’s equations of motion (6) and (7)
with a time-reversible and volume-preserving method ¥y, over L steps and step-size Az. We will derive
an appropriate numerical time-stepping method in Section 3.

The resulting time-reversible and volume-preserving map from the initial to the final state is denoted by
U.:(q,p) — (q,p'), r = LAt. Recall that a map U, is called time-reversible if U, = U~! and volume-pre-
serving if det ag(f;‘;‘)") =1.

(i) A momentum ﬂiﬁ F:(q,p) — (q,—p)-

(iii) Monte Carlo (MC): a Metropolis accept/reject test

. F -U.(q,p) with probability min(1,exp(—fS6H)),
@.p) = { (q,p) otherwise ©)
with
0H = H(U.(q,p)) — H(q,p) = H(F - U.(q,p)) — H(q,p) (10)

and H defined by (5).

Molecular dynamics Monte Carlo (MDMC) satisfies detailed balance since (F - U 1)2 =id and U, is volume
conserving.

2.2. Partial momentum refreshment Monte Carlo (PMMC)
We first apply an extra momentum flip F so that the trajectory is reversed upon an MDMC rejection

(instead of upon an acceptance). The momenta p are now mixed with a normal (Gaussian) i.i.d. distributed
noise vector u € R™ and the complete partial momentum refreshment step is given by

(0)- (8 ) #C)
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where

u=p"2M(@Q) % E=(&, .., 6T E~NOD), i=1,...,m (12)

and 0 < ¢ < ©/2. Here N(0, 1) denotes the normal distribution with zero mean and unit variance.

If p and u are both distributed according to the same normal (Gaussian) distribution, then so are p’ and u'.
This special property of Gaussian random variables under an orthogonal transformation (11) makes it possi-
ble to conduct the partial momentum refreshment step without a Metropolis accept/reject test. See [15] for
details.

2.3. Special cases of GHMC
Several well-known algorithms are special cases of GHMC:

e The standard hybrid Monte Carlo (HMC) algorithm of Duane et al. [1] is the special case where ¢ = 7/2.
The momentum flips may be ignored in this case since p’ = u in (11) and the previous value of p is entirely
discarded. According to theoretical results in [15], this choice is optimal for sampling purposes and long
MD trajectories. However, one has to keep in mind that the theoretical setting of [15] is unlikely to apply
for biomolecular simulations and that a different choice of ¢ could be more appropriate for such
simulations.

e The choice ¢ = 0 corresponds to constant energy molecular dynamics under the assumption that the prop-
agator U, conserves energy exactly.

e The Langevin Monte Carlo algorithm of Horowitz [14] corresponds to L = 1; i.e. a single MD time-step
with t = A¢, and ¢ arbitrary. The single step (L = 1) may be replaced by a small number of MD steps
and T = LAt. Langevin Monte Carlo recovers stochastic Langevin molecular dynamics [18]

Gg=M"(qp, p= —%Vq{l" [(M(q)"'pl} = VoV (q) — 7p + oW (13)

provided ¢ = /2yt < 1. Here y > 0 is a constant, W(¢) is an m-dimensional Wiener process, and ¢ is deter-
mined by the standard fluctuation—dissipation relation [18]. Indeed, we find that (11) without the momentum
flip F reduces to

P (1—y0)p+(2y0) u (14)

for ¢ = /2yt < 1 and one may view the GHMC algorithm as a mean to perform stochastic molecular
dynamics (instead of using GHMC as a pure sampling device).

3. A symplectic and time-reversible propagator

To implement the generalized hybrid Monte Carlo method for Hamiltonian systems of the form (6) and (7),
we need to find a time-reversible and volume-preserving approximation to the exact solution flow map. The
essential idea is to replace exact time derivatives q in the Lagrangian density (2) by (forward and backward)
finite difference approximations

n

qn+1 —q . qn _ qnfl

+on S —
s =t =10 (15)
and to start from a discrete approximation
Lul{a"}] =) Lu(0/q", 5, q",q") At (16)

to the Lagrangian functional (1) with

— .n n 1 n n n - .n n - n n
La(oa",0,4",q") = {0/ a" - [M(a")/q"] + 6, 4" - [M(a")é, q']} = V(@"). (17)
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Following the discrete variational principle (see, e.g. [8]), we find the associated discrete equations of motion
from 0L, /0q" = 0 and obtain the generalized leapfrog scheme:

0= 5?{; M(q") + M(q”“)]5§q”} + VoV (q") - %Vq{@*q” (M@ g+ 6, q" - [M(q")5, q"]}.  (18)

This scheme is time-reversible since replacing q"*' by q"~' and At by —Af¢ leaves the scheme unchanged.
We now convert this scheme into an equivalent (in terms of q-propagation) symplectic one-step method by
noting that

ST La(7 a8 ' q)Ar =Y L (19)
with
n 1 n n n n n n
L = S8R M) + M@)o g = V(@) + V(g™ (20)

The discrete approximation L’:{l/ % is now used as a generating function (see, e.g. [8]) to yield a symplectic (and
hence volume-preserving) time-stepping method

Pa: (g p") — (g p ) (21)
via
n 1 n n n At n n n n
P = Ve £y = 2 (M) + M(@))0/q" + 5 Vol " M@)o a] - V() (22)
and
n 1 n n n At n n n n
P = =V Ly =5 (M) + M@)o a" =5 Valdq" - M@)o a') = V(a")}- (23)

Given (q", p"), the map ¥y, is implemented numerically by first solving (23) for ¢"*!'. The new momentum p"*!
is then given explicitly by (22). We finally note that the generating function (20) was first proposed by MacKay
in [19] for deriving symplectic methods for systems with general Lagrangian density £(q,q).

The generalized Stormer—Verlet method is second-order in time and the average energy fluctuation (6H)
satisfies

(5H) = O(mAr"), (24)

where m is the number of degrees of freedom and 8H is given by (10) [3,20]. Following the analysis of [15,20],
the average Metropolis acceptance rate for the MDMC step is given by

1
Pyee = erfc (z :B<6H>> (25)
and the acceptance rate deteriorates with increasing system size m.
4. Generalized shadow hybrid Monte Carlo (GSHMC) method

The basic idea of the GSHMC method is to implement the GHMC method with respect to an appropriately
modified reference energy H,,. This reference energy is chosen such that the acceptance rate (25) in the
MDMC part of the GHMC algorithm is increased. This goal can indeed be achieved by making use of back-
ward error analysis and the implied existence of modified energies, which are preserved to high accuracy by the
time-stepping method [3,13]. The price we pay for this increased acceptance rate is that (i) the PMMC step
becomes more complex and that (ii) computed samples need to be reweighted after the simulation to become
consistent with the desired canonical distribution function (8).

We provide the details of the GSHMC method in several steps. First we describe the MDMC step
when implemented with respect to a reference energy Ha, = H + O(A#),p > 4. This step is a rather trivial
modification of the GHMC method. We then explicitly derive a fourth-order modified energy H[A“,] for the



E. Akhmatskaya, S. Reich/| Journal of Computational Physics 227 (2008) 4934-4954 4939

generalized Stormer—Verlet method of Section 3. We finally discuss the necessary modifications to the
momentum refreshment Monte Carlo step, which are non-trivial but vital to the success of the GSHMC
method.

4.1. Modified MDMC step

The MDMC step of Section 2.1 remains as before with only (10) replaced by
0H = Ha(U:(q,p)) — Ha(q,p)- (26)

In the remaining part of the subsection we derive a fourth-order reference energy Hy, = H[A“} for the general-
ized Stormer—Verlet method of Section 3. A generalization to sixth-order and higher can be found in the
Appendix.

Given a numerical trajectory {q’ }f;’fk, we construct for #,,n € {0,L}, the unique interpolation polynomial
Q(t) € R" of order p < 2k,k = 2, such that

Qt)=q, i=n—k,....n,....,n+k (27)
[21]. We then make use of standard Taylor expansion, i.c.
. At . AP
q"il = Q(tn) + AtQ(tn) +7Q( ) + ?Q (tn) + e (28)

in the discrete Lagrangian density (17) to obtain

2 ) 2 _ 2
(Q+AtQ+A—tQ >~[M(Q)(Q Mg+ )} (Q—§Q+A—tQ )

. [M(Q (Q Yo Ao )] ~V(Q) + O(AF)
= £(Q,Q) +A3LY(QY,Q,Q,Q) + O(Ar*) (29)
with
£9Q,Q,0,Q) = 5, 130 MQ)Q] +4Q - M(Q)Q™) (30)

and with all quantities involving the interpolation polynomial Q(#) evaluated at ¢t = ¢,.
We note that the truncated expansion

£ =10 M@Q - ¥(Q) + 55 (30 - [MQ)Q] +4Q- M(©Q)Q™)} (1)

can be viewed as a new (higher-order) Lagrangian density with associated (higher-order) Euler-Lagrange
equations. We derive the associated conserved energy according to the formula

oLy Lo y dc ol docy .. dach .
4 _ Y%A At Y At @3 9 Al a4 Ay _
At T aQ 6Q Q ds aQ Q+6Q Q ds aQ(g) Q+dt2 ©Q<3) Q [’At' (32)
An explicit expression is provided by
L. . A2 (. . d? .
Hy =5Q- MQQI+7(Q) + 75 {4Q~ (MQQV]-6Q -+ [ (QQ]+4Q- dﬂ[ (Q)Q]}

+5r {30 Mm@a-40-§ M) 33)

It can be shown that HA[ is preserved to fourth-order along trajectories of (23), (22) and (18), respectively,
provided £ =2 and p =4 in (27). This procedure can be generalized and we obtaln modified energies HA[
for any &£ > 2. See the Appendix for the case k£ = 3. These modified energies HE At |, with an appropriate order
p =2k = 4, will be used in the GSHMC method as the reference energy function H,,.
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It should be noted that the thus constructed value of a modified energy H,, at time ¢ = ¢, depends only on
the positions " and the momenta p” at ¢t = ¢,. This follows from the uniqueness of the numerical trajectory
{qi}:.:ffk and, hence, of the interpolation polynomial Q(z) on a given pair (q", p").

Using modified energies, the estimate (24) gets replaced by
(§H) = O(mAr*) (34)

with 8H now being given by (26) and Hy, = Hff |, Hence an increase in system size m can be counterbalanced
by an increase in the order p = 2k of the modified energy to keep the product of m and A#* roughly constant.
In other words, modified energies offer a rather inexpensive way to increase the acceptance rate (25) of the
MDMC step.

4.2. Modified PMMC step

The original TSHMC method has been based on a simple momentum proposal step of the form
p=p+ou (35)

Here o > 0 1is a free parameter and u is defined by (12). Smaller values of ¢ lead to smaller perturbations in the
momenta. The new set of momenta p’ is accepted/rejected according to an appropriate Metropolis criterion [13].
It has been found that increased values of ¢ lead to an increased rejection rate. In this section, a modified
momentum update is proposed for GSHMC to reduce this undesirable increase in the rejection rate. This
modification is indeed found to significantly improves the efficiency of GSHMC as a sampling tool.

The idea of the modification is to combine the GHMC momentum update (11) with the fact that in
GSHMC one samples with respect to a modified energy function H,,. This idea can be realized by implement-
ing the PMMC step of Section 2.2 as a Markov chain Monte Carlo step with respect to the reference energy
Ha,. Specifically, we define u as in (12) and propose a new set of momenta p’ and auxiliary variables u’ by (11).
The set of momenta p’ and the vector u’ are accepted according to the Metropolis test

(', p) = [R(¢)(u, p)T}T with probability P(q,p,u,p’,u’), (36)
’ (u,p) otherwise,
where
s [ exp(—BHalg P) + 5 () M(q)'w])

PP pt) = min (1’ exp(— B[Ha(a.p) + LuTM(q) "u]) ) &

and
_ [cos(¢)  sin(¢)
SO P A o

It should be noted that the updated variable v’ is entirely discarded after each momentum refreshment step
and is replaced by a new set of random variables (12). The Monte Carlo step is therefore best understood by
interpreting the update as a ‘classical’ hybrid Monte Carlo method with u taking the role of ‘momentum’ and p
the role of ‘positions’. Note that the ‘real’ positions q are not changed. Note furthermore that (11) is a linear
map from (p,u) to (p/,u’). This map is characterized by the 2 x 2 matrix (38). Since det(R) = —1 and R* = I,
the proposal step (11) satisfies detailed balance. Hence (12) and (11) together with (36) sample from a canon-
ical distribution with density function

Pext (@, P, 1) X eXp (—ﬁ [Hm(% P+ %uTM(q)lu} ) (39)

The angle ¢ in (38) is chosen such that the rejection rate in the momentum refreshment step is below 10%. A
much higher rejection rate would imply that the system gets ‘thermalized’ too infrequently. A fixed rejection
rate implies that larger systems require a smaller value of ¢, which seems acceptable once we take into account
that large NVE simulations behave almost like an NVT ensemble.
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To further decrease the rejection rate one can repeat the refreshment step before continuing with the molec-
ular dynamics part of GSHMC. Hence the complete GSHMC cycle consists then of a molecular dynamics
Monte Carlo step, a momentum flip, a Monte Carlo momentum refreshment step, followed by another Monte
Carlo momentum refreshment step. In other words, GSHMC becomes the concatenation of four Markov pro-
cesses (here we counted the momentum flip as an independent Markov process) with identical invariant dis-
tribution functions (here the canonical distribution with respect to a modified Hamiltonian H,,). Of course,
this approach can be further modified by additional (relatively inexpensive) momentum update steps.

Inspired by the work of Sweet et al. [12], we finally mention an additional strategy for increasing the accep-
tance rate of the PMMC step. We replace (11) by

(1) o i) ) 0

where p’ is defined through an appropriate change of variables p = y(q, p, Af). It is assumed that the map  is
invertible in the momentum vector p. The new momentum vector p/, implicitly defined by p' = y(q, p/, A¢), is
then accepted with probability (37).

See [12] for an appropriate choice of ¥ in case of a constant mass matrix. More specifically, given (q, p), we
perform a single time-step forward and backward in time. The results are denoted by (q*,p*) and (q—,p™),
respectively. We define

_ At _

P=¥(q,p, A1) :=p — 7 (Vo (a") = V¥ (a)). (41)
Note that, contrary to the S2HMC method [12], the modified PMMC step (40) and (41) can be used together
with any choice of the reference Hamiltonian Hy, in (37) and also for systems with non-constant mass matrix.

4.3. Reweighting

Given an observable Q(q,p) and its values ©Q;,i = 1,...,K, along a sequence of states (q;,p,),i =1,...,K,
computed by the GSHMC method, we need to reweight Q; to compute averages (), according to the desired
canonical distribution (8). In particular, one needs to apply the formula

Z{ilw,ﬂi
Qp=F%— 42
< > Zi:lwi ( )
with
w; = exp(—p{H(q;,p;) — Hal(q;,p,)})- (43)

5. Applications
5.1. Constant temperature and volume (NVT) GSHMC

The starting point of any (classical) molecular dynamics simulation is a system of N particles, which interact
through both long and short range forces via Newton’s second law. We write the equations of motion in the form

i=M"'p, p-=-V.Vr), (44)

where r € R* is the vector of atomic positions, p, € R* the associated momentum vector, M € R****" is the
(constant) symmetric mass matrix and ¥ : R* — R is the empirical potential energy function. The equations
of motion (44) are equivalent to the Euler-Lagrange equations

M+ V.V (r) =0 (45)
for the Lagrangian density

L= %1’« [M¥] — V(x). (46)

We find that (46) fits into the general form (2) with constant mass matrix M(q) = M,q =r, and m = 3N.
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Because the mass matrix M is now constant, the symplectic time-stepping method ¥,,, defined by (22) and
(23) becomes equivalent to the standard Stérmer—Verlet method (see, e.g. [7,8])

e 40! (#1)
=1+ M2, (48)
P = - S ) (49)

and the expression for the modified energy H[A“,] reduces to
HY = %R - [MR] + V(R) + é—f{m - [MR®] =R - MR}, (50)

where R(#) denotes now the interpolating polynomial and replaces Q(¢) in (33).

The application of the GSHMC method, as described in Section 4, is now straightforward. Numerical
results will be presented in Section 7.

We finally note that the equations of motion (45) subject to holonomic constraints (such as bond stretching
and bending constraints) can be treated numerically by the SHAKE extension [22] of the standard Stormer—
Verlet/leapfrog method. The associated modified energies remain unaffected by that extension and the fourth-
order modified energy, in particular, is still provided by expression (50).

5.2. Constant temperature and pressure (NPT) GSHMC

We first summarize the constant energy and pressure formulation of Andersen [16]. We then discuss a sym-
plectic and time-reversible integration method and derive its fourth-order modified energy. This provides the
essential building block to extend the GSHMC method to molecular simulations in an NPT ensemble.

5.2.1. Constant pressure molecular dynamics

Given a classical molecular system described by (44), the constant pressure and energy (NPE) formulation
of Andersen is derived as follows. The coordinate vector r € R* in (45) is replaced by a scaled vector d € R*"
defined by

d=r/V'"3 (51)
where V is the volume of the simulation box. Consider now the extended Lagrangian density
. 1 ... .
£gdq) = {30 = V() 4 50 - g (52)

We interpret ¢ as the (dynamic) value of the volume V and call this additional degree of freedom the ‘piston’
degree of freedom. The constant o corresponds to the external pressure acting on the system and p > 0 is the
mass of the ‘piston’.
Upon defining q = (d", q)T € R",m = 3N + 1, we find that (52) fits into the general form (2) with non-con-
stant mass matrix
2/3
1M 0] . (53)

M(q)=l 0 .

The associated NPE equations of motion are now easily derived using (3). See also Andersen’s original pub-
lication [16]. The conserved energy H can be derived from the Lagrangian density (52) according to the stan-
dard formula (5), i.e.

. 1 . .
H=d Vil +§¢V,L— L= Eq2/3d - [Md] + gcf + V(q'*d) + ag

_1 -2/3 ~1 1, 1/3 _1 ~1 1,
=54 ""Pa [M~"p,] +2ﬂp + V(g d)+aq—2pr M pr]+V(r)+2up + agq, (54)
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where

P = Md, p=pg (55)

are the conjugate momenta in the NPE formulation and p, = Mt = p,/¢'/? is the classical momentum vector
of the NVE formulation (44).

5.2.2. A time-reversible and symplectic implementation
We use the discrete variational principle discussed in Section 3 to derive a symplectic time-stepping method
and obtain the generalized leapfrog method

1 — n n
5;{5 (4" + (¢ )Mo, d } = —VaV((¢")""d") (56)
and
n—1/3
o, o, q" = % {670 M5/ +6,d" - [MS, ')} — = V, V(") ). (57)

The equivalent generalized Stérmer—Verlet formulation is defined as follows. Given (d",¢", p, p"), we first
find d""' and ¢"*' from the equations

1 dn+1 .y At " n
P, =5l + (¢ M (———) +5 V¥ ((¢")"d") (58)
2 At 2
and
g =g At (@ - 't —dan\] | A 13 g
n_ _Bv e R R V4 (il =4 n .
ren(Tg ) - R (g ) | R A AR DR (59
The values for p’™' and p"*! are explicitly given by
1 dn+1 _ dn At .
pgﬂ — 5 [(qn+1)2/3 + (qn)Z/S]M( w ) o 7vdV((q,,+1)1/3d +1) (60)

and
n+l _ _n At B dn+l —d" dn+l —d" At .
p (g t) s () o (S| -y e

This completes one time-step.

The time-reversible and symplectic method (58)—(61) allows for the implementation of a hybrid Monte
Carlo methods as proposed in [2] and described in more detail in [23]. We now derive a fourth-order modified
energy for the GSHMC method.

Let O(¢) and D(¢) denote the interpolation polynomials along numerical trajectories {¢"} and {d"}, respec-
tively. Then the associated fourth-order modified energy, defined by (33), is given by

13— 50 2000 — )+ 55 fap - (07w - 6 L (a4 - L jar
A 24 H K 24 dr de
AP .. 23 4T . d 23047
+24{3D [0 MD] — 4D - L [0 MD]}
=1+ 55 2000 — 4P +20°°D - (MDY — 0D - (D))
A2 46 407\ .- . 2 .. ..

with H given by (54).
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5.2.3. A modified PMMC step
The one-step formulation (58) and (59) together with (60) and (61) will be used in the GSHMC method. After
each completed NPE molecular dynamics sub-step, we refresh the momenta p, and p as described in Section 4.
Following the Langevin piston method of Feller et al. [17], one can also apply the following simplified
momentum update. We always keep the particle momentum p, and only refresh the “piston” momentum
p, 1.e. we replace (11) by

u, =uy, (63)

Py = —Pu: (64)

u' = sin(¢)p + cos()u, (65)

P = —cos(¢)p + sin(¢p)u (66)
with

_ pe11)2

w= e &~ N(O, 1), (67)

The probability (37) is replaced by
. exp (—ﬁ [Hm(‘L 4:Pa:P) + 3, (u/)zD
P(dafIanaPa“ap,»“/) = min 1, (68>

oxp (—B[Hud.a.p0p) +500] ) )

where H,, is an appropriate modified energy, e.g. Hy, = HA, with H . given by (62).
Given a collision frequency y for the Langevin piston method [17] we choose ¢ and t© = LAt such that
= /2yt < 1 and the resulting GSHMC method can be viewed as a rigorous implementation of the Lange-
vin piston method in the sense of Section 2.3 under the assumption of ergodicity of the induced Markov pro-
cess. Note that, on the contrary, the Langevin piston method combined with the Brunger, Brooks, Karplus
(BBK) time-stepping algorithm [24] leads to statistical errors proportional to A#>. In particular, one needs
to require that yA¢ is small.

6. Algorithmic summary of the GSHMC method

We summarize the algorithmic implementation of the GSHMC method for the fourth-order modified
energy (33) as follows.

6.1. MDMC step of GSHMC

Given an accepted MC sample with generalized position vector q and momentum vector p, we determine the
associated modified energy H[:} (q, p) by integrating the equations of motion two steps forward and backward in
time using (22) and (23) in order to construct the required interpolation polynomial Q(¢) as defined in Section 4.1.

The equations of motion are then solved forward in time over L time-steps using the symplectic and time-
reversible method (22) and (23). Denote the result by (q', p').

An additional two time-steps are performed to evaluate the associated modified energy H[:l (q',p') and the
proposal step (q,p’) is accepted with probability

min (1,exp (—{H{(a.p) — Hi(a.p)})). (69)

In case of rejection, we continue with (q',p’) = (q, —p).
6.2. PMMC step of GSHMC

Using a change of variables as, for example, defined by (41), we first compute p' = y(q/, p’, A¢). The momen-
tum vector p’ is now mixed with a noise vector u distributed according to (12). We formally set " = ¢’ and
define
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020 20)6)

P sin(¢)  cos(p) /\p

The proposal momentum vector p”, implicitly defined by p” = y(q”,p”, A¢), is accepted with probability

exp (—B[HA (" p") + L) M(@") w])
exp (B[ (@) + 1T M(@) 'u))

where two time-steps forward and backwards need to be performed in order to evaluate H[XJ (q”,p"). In case of
rejection, we continue with (q”,p”) = (¢, p).

A single GSHMC step is now completed. We store the accepted MC sample as (q,,;,p..;) = (q”,p”) and
evaluate the associated weight factor w;, | using (43).

min | 1, , (71)

6.3. Comments
We summarize here a few general comments on the GSHMC method:

(1) Note that different angles ¢ can be assigned to different components of u and p’ in (70). This freedom has
been used in Section 5.2.3.

(i1) Note also that the summary of the GSHMC method has been formulated such that the number of nec-
essary momentum flips is minimized. This is in contrast to the (entirely equivalent) presentation used so
far, which has been based on the detailed balance requirement.

(iii) The number of additional force evaluations for GSHMC with p = p over standard HMC amounts to
p — 2, where p is the order of the modified energy. For example, GSHMC with (33) requires two addi-
tional force evaluations per complete Monte Carlo step. The change of variables (41) requires additional
force evaluations [12].

(iv) The time-step A¢ and the angle ¢ should be chosen such that the probability of having both the
MDMC as well as the PMMC step being simultaneously rejected is less than 1%. This is because
we obtain q;,; =q, and p,.; = —p; in such a case, which leads to the undesired Zitterbewegung in
the MC samples.This requires, in general, a decrease of ¢ in (70) as the system size, d = 3N,
increases. Furthermore, the discussion in [16] on a dynamically consistent collision frequency y for
a small volume of liquid surrounded by a much larger volume suggests that ¢ o y'/2 o< 1/N'/3, where
N is the number of atoms.

(v) In case the PMMC step is performed with a change of variables as defined, for example, by (41), we refer
to the resulting method as the GS2ZHMC method (in analogy to the S2HMC method of [12]). In case of
p = p, we continue using the acronym GSHMC.

7. Numerical results

In this section, we perform three sets of experiments. The first set is based on an NVT simulation of argon
and assesses rejection rates for several MC methods in the context of sampling. The second set of experiments
is based on an NPT simulation of argon. Here we compare the GSHMC algorithm and the Langevin piston
method of Feller et al. [17] and assess the performance of GSHMC in the context of stochastic dynamics sim-
ulations. We finally implement GSHMC for a larger biomolecular system, the bacteriophage T4 lysozyme pro-
tein, and compare the sampling efficiency of GSHMC to constant temperature MD using the Berendsen
thermostat [25].

7.1. Argon

We perform simulations for argon in a periodic box under an NVT and NPT, respectively, ensemble. We
now present numerical results for both ensembles. We begin with the NVT simulations.
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7.1.1. NVT simulations
We perform NVT simulations at a temperature of 7 = 120 K using the following two settings:

(A) N =5, L=20.1A,
(B) N =8, L =31.96 A.

We implement the GSHMC method with three values of the angle ¢ (n/2,7/4,7/8) in the PMMC step. We
also implement the GSHMC method with the modified momentum refreshment step, as defined by (41), with
¢ = n/2. We refer to this implementation as GS2HMC.

Results are compared to implementations of the standard HMC method and the newly proposed S2ZHMC
method of [12].

All Monte Carlo (MC) implementations use t = LA = 2.17 ps and generate a total of K = 10* Monte
Carlo samples to compute expectation values according to (42). Simulations are performed for four different
values of Ar (t/50 =~ 43.4 fs,7/75 ~ 28.9 fs,7/100 ~ 21.7 fs,7/200 =~ 10.9 fs).

We state rejection rates for the MDMC step and the PMMC step (where applicable) in Table 1 for setting A
and in Table 2 for setting B, respectively. We observe an increase in rejection rates for all methods for increas-
ing system size d and step-size Az. The acceptance rate for the MDMC step is similar for all GSHMC and
S2HMC implementations and is consistently better than the corresponding rate of standard HMC. The accep-
tance rate of PMMC step in GSHMC improves with smaller values of ¢. The GS2ZHMC method almost
reaches the perfect behavior of S2ZHMC and HMC in terms of momentum resampling. One should note, how-
ever, that the transformation step (41) requires additional force evaluations.

We also give expectation values of total energy, E, diffusion constant

D= )~ r(0)P (72)

and pressure, P, as well as their standard deviation range (corresponding to the 95% confidence interval of
normally distributed data) for the experimental setting A and Ar = t/75 ~ 28.9 fs in Table 3. All methods lead
to comparable results in terms of total energy, E, implying that all methods correctly sample from the canon-
ical ensemble. More remarkably, the diffusion constant, D, increases significantly for smaller values of ¢ in the
PMMC step of GSHMC. This confirms the fact that HMC methods influence the dynamical properties of a
molecular system. Pressure, P, fluctuates largely for all methods, which is not unexpected for a small molecular
system such as that of setting A.

Table 1

Rejection rates for MDMC and PMMC steps, respectively, for all tested methods under the experimental setting A

MDMC/PMMC rejections At =~ 43.4fs At ~ 289 fs At~ 21.71s At~ 109 fs
GSHMC method, ¢ = 7'[/2 20%)/23%) 2%)/12%! <19 0/6%) <19 0/2%)
GSHMC method, ¢ = n/4 22%/17% 2%/8% <1%/4% <1%/1%
GSHMC method, ¢ = /8 21%/9% 2%/5% <1%/2% <1%/<1%
GS2HMC method, ¢ = /2 19%/<1% 2%/<1% <1%/<1% <1%/<1%
S2HMC method 20%/NA 1%/NA <1%/NA <1%/NA
HMC method 22%/NA 9%/NA 6%/NA 2%/NA
Table 2

Rejection rates for MDMC and PMMC steps, respectively, for all tested methods under the experimental setting B

MDMC/PMMC rejections At ~43.4fs At ~ 289 fs At ~21.7fs At~ 109 fs
GSHMC method, ¢ = /2 33%/37% 3%/19% <1%/10% <1%/3%
GSHMC method, ¢ = n/4 33%/27% 3%/12% <1%/7% <1%/3%
GSHMC method, ¢ = /8 32%/15% 3%/7% <1%/4% <1%/1%
GS2HMC method, ¢ = /2 32%/<1% 3%/<1% <1%/<1% <1%/<1%
S2HMC method 33%/NA 2%/NA <1%/NA <1%/NA

HMC method 99%/NA 15%/NA 10%/NA 3%/NA
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Table 3
Expectation values and their standard deviation range for total energy, E, diffusion constant, D, and pressure, P, from numerical
experiments using setting A and Az =~ 28.9 fs

Energy, E (120kg K) Diffusion, D (Az ps7h Pressure, P (kN/cm?)
GSHMC method, ¢ = /2 —442.6 + 33.6 0.2873 £ 0.0564 0.5904 + 0.7302
GSHMC method, ¢ = n/4 —442.7 +32.8 0.4782 £ 0.1275 0.5881 + 0.7204

GSHMC method, ¢ = /8 —442.0£31.2 0.7742 £ 0.1465 0.5958 £+ 0.7049
GS2HMC method, ¢ = n/2 —441.0£33.2 0.2927 £ 0.0205 0.6515 £0.7317
S2HMC method —441.9 £ 32.6 0.2877 £ 0.0668 0.6630 £ 0.7266
HMC method —438.0 £ 33.8 0.2691 £ 0.0219 0.6571 £0.7344

7.1.2. NPT simulations

We now simulate N = 125 argon atoms at constant temperature 7 = 120 K and constant pressure
P=0.65x10"Nm2.

We implement a standard constant pressure and temperature HMC algorithm (see, e.g. [23]) and compare
the results to the corresponding GSHMC implementation of Section 5.2 with ¢ = 7/2.

The simulation parameters are as follows. Both methods are implemented with a step-size of Az = 10.9 fs,
samples are taken at in intervals of T = LAt =2.17 ps, i.e. L =200, and the total number of samples is
K = 10*. The mass of the piston degree of freedom is set equal to u = 6, and « = 0.65 x 10’ N m~2.

We compare pressure, P, temperature, 7, and total energy, E. Mean values and their standard deviation
range can be found in Table 4. We also verify that the volume and temperature fluctuations are Gaussian dis-
tributed. We display the results for the GSHMC and HMC method in Fig. 1. Both methods lead to very sim-
ilar distributions. The temperature distribution is almost ideal while the volume fluctuations display some non-
Gaussian behavior in the tails. The effect can be attributed to the finite size of the sample.

We also implement the constant pressure and temperature GSHMC algorithm using the partial momentum
update (63)—(66) and compare the results to the Langevin piston method of Feller et al. [17]. The Langevin
piston equations of motion are implemented using the Brunger, Brooks, Karplus (BBK) algorithm [24].

The simulation parameters are now as follows. Both methods are implemented with a step-size of
At = 21.7 fs, samples are taken at in intervals of © = LAt = 0.217 ps, i.e. L = 10, and the total number of sam-
ples is K = 2 x 10*. The mass of the piston degree of freedom is set equal to u = 6, « = 0.65 x 10’ N m~2, and
the collision frequency in the Langevin piston is set equal to y = 0.1152 ps~'. The angle, ¢, in (65) and (66) is
determined according to ¢ = \/2Aty =~ 0.2236. Both methods are started from an equilibrated configuration.

We compare pressure, P, temperature, 7, and total energy, E. Mean values and their standard deviation
range can be found in Table 5. Note that both methods couple to a constant temperature ‘heat bath’ only
through the piston degree of freedom. The results from both methods are in agreement (to within the expected
errors given the simulation length, the system size, and the weak coupling to the ‘heat bath’) with the desired
NPT ensemble.

7.2. Lysozyme protein in water

A larger molecular system, the bacteriophage T4 lysozyme protein (pdb entry 21LZM), is simulated to com-
pare the sampling efficiency of GSHMC and constant temperature MD. A united atoms representation is used
to eliminate all hydrogen atoms from the protein, and water is modeled using the SPC model [26]. The total
number of atoms is 23207, which are placed in a rhombic dodecahedron simulation box. Both simulation

Table 4
Mean values and their standard deviation range for pressure, P, temperature, 7, and total energy, E, for GSHMC and HMC
implementation of Andersen’s constant pressure formulation

Pressure (x 10’ N-m™2) Temperature (K) Energy (120kg K)

GSHMC method ¢ = /2 0.6492 £+ 0.8450 120 + 17 —330+49
HMC method 0.6342 4 0.8404 120 £ 17 -331+49
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Fig. 1. Normal probability plots for volume and temperature fluctuations from HMC and GSHMC implementation of Andersen’s
constant pressure formulation. Straight lines indicate a Gaussian distribution of data.

Table 5
Mean values and their standard deviation range for pressure, P, temperature, 7, and total energy, E, for GSHMC and Langevin piston

BBK simulation of the NPT ensemble

Pressure (x10” N m’z) Temperature (K) Energy (120kg K)
GSHMC method ¢ = /2yA¢ 0.6500 + 0.8425 118+ 14 —340+ 11
Langevin piston, BBK algorithm 0.6477 £ 0.8580 123 £18 —314+£45

approaches, MD and GSHMC, use GROMACS 3.2.1 [27] to perform the molecular dynamics steps. Specif-
ically, a switch cut-off scheme is used for Lennard-Jones interactions. Coulomb interactions are treated using a
particle-mesh Ewald summation (PME) method [28,29]. The full direct and reciprocal space parts are calcu-
lated in each step and a lattice spacing of 0.1 nm is applied. All bonds are constrained using the SHAKE
method [22] with a relative tolerance of 10”2 allowing for a step-size of Az = 2 fs.

The system is initially equilibrated for 1 ns using standard MD techniques. The MD and GSHMC simula-
tions are then performed for another 1 ns at a temperature of 300 K. In the traditional MD approach the tem-
perature is coupled to a heat bath of 300 K using the Berendsen thermostat with a coupling time constant of
0.1 ps [25].

To find the optimal settings for GSHMC production stage we investigate the effect of different simulation
parameters on the sampling efficiency of GSHMC. A set of comparatively short simulations is performed
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using three different step-sizes At (1, 2 and 4 fs), two different MD simulation lengths 7 (2 and 4 ps), five values
of the angle ¢ (n/24,7/12,0.3,0.5,7/2) and two values of the order p (4, 6) for the modified Hamiltonian "
The results of this study are shown in Figs. 2 and 3.

Since we found that acceptance rate for MDMC step was consistently high (98-100%) for all tested param-
eters, we present here the results for the acceptance rate in the PMMC step only. Fig. 2 demonstrates the effect
of step-size and MD simulation length on the momentum acceptance rates whereas Fig. 3 shows how the
momentum acceptance rate depends on the angle ¢. The momentum acceptance rate was found to be essen-
tially independent of the order (here fourth- and sixth-order) of the modified energies.

It can be concluded from Figs. 2 and 3 that smaller step-sizes, larger MD simulation lengths, and smaller
values of ¢ induce a higher acceptance rate in the PMMC step. A nearly optimal choice of the parameter ¢
and the step-size At is crucial for the performance of GSHMC. Choosing ¢ = n/2 is found to be not efficient
for this large system.

We have to stress that the PMMC step is cheap compared with the MDMC step. To decrease the rejection
rate of the PMMC step one can repeat the step a desired number of times. This strategy is efficiently imple-
mented in parallel in our code.

8();~ T T T T T T T T T I T
~ #— MD length = 2 ps| |
o-¢ MD length =4 ps

~

<
I
/

/

5 3 8

PMMC acceptance rate, %

(98]
o

o]
f=
—

1.5 2 2.5 3 3.5 4
Step-size, fs

Fig. 2. PMMC acceptance rate vs. MD step-size Az and MD length t for fixed angle ¢ = n/24.
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Fig. 3. PMMC acceptance rate vs. ¢ for fixed step-size As = 2 fs and MD simulation length 7 = 2 ps.
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In addition, we consider the evolution of the mean-square displacement of the centre-of-mass (c.0.m.) of
the protein for GSHMC simulations using two different values of ¢:¢p = /24 and ¢ = n/12. We find that
the c.o.m. mobility of the protein in GSHMC simulation increases with an increasing of ¢. This is shown
in Fig. 4.

To perform a comparison between GSHMC and MD simulations we run the GSHMC simulation with a
step-size of Az = 2 fs, the number of MD steps in MDMC equal to L = 1000, and ¢ = /12 on ten processors
of a PC cluster. We use a sixth-order modified energy.

To compare the sampling efficiency of different sampling methods with respect to an observable Q, we eval-
uate the integrated autocorrelation function values of a time series {Q;}5 |, where K is the number of samples
[15]. The integrated autocorrelation function value is defined by

K/
AQ = Z C(T[), (73)
=1
where C(1;),/ =0,...,K' < K is the standard autocorrelation function for the time series {Q,—}fil with the nor-

malization C(to) = C(0) = 1. The integrated autocorrelation function value provides a good measure for the
efficiency of a sampling method since, on average, 1 4+ 24, correlated measurements Q; are needed to reduce
the variance by the same amount as a single truly independent measurement of Q [15].

We present the autocorrelation functions for the dihedrals of Asp20, Glull and Thr26 residues in Fig. 5.
These dihedrals are known to be critical catalytic residues in lysozyme. In fact, it has been reported that the

—r 777
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l“lE 0-1_ —
a | ]
22}
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Fig. 4. Mean-square displacements of the protein centre-of-mass vs. ¢. The mean trajectory for ¢ = /24 is depicted by a dashed line
whereas the trajectory for ¢ = n/12 is presented by a solid line. The step-size is Az = 2 fs and the MD simulation length is t = 2 ps.

Fig. 5. VMD [30] ribbon diagram of 2LZM illustrating locations of catalytic residues Glull, Asp20, and Thr26.
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Table 6

Comparison between GSHMC and MD in efficiency for sampling of main chain torsion angles of important catalytic residues

AMD 4GSHME Asp20 Thr26
3 3.8 14.0
b4 34 4.5
AMP /4SSHMC g the ratio of integrated autocorrelation function values obtained from MD and GSHMC simulations.

Table 7

Comparison between GSHMC and MD in efficiency for sampling of side chain torsion angles of important catalytic residues

ANP /4GSHMC Glull Asp20 Thr26
71 5.54 1.0 2.69
1 7.11 1.56 NA

13 3.76 NA NA
AMP /ASSHMC g 4 ratio of integrated autocorrelation function values obtained from MD and GSHMC simulations.

catalytic activity of most lysozymes is largely due to three amino acids. In the case of the bacteriophage T4
lysozyme, catalysis takes place due to the concerted action of Glull, Asp20, and Thr26 with the substrate
[31-35].

The autocorrelation functions C(t;) for the main chain torsion angles @, ¥, and a side chain torsion angle
%, of the Thr26 residue are shown in Figs. 6-8, respectively, for 7, < 100 ps.

Computed integrated autocorrelation function values, 4q, are based on autocorrelation functions C(z;) and
7, < 500 ps. Ratios of integrated autocorrelations function values for the main chain torsion angles @, ¥ and
side chain torsion angles y,, r,, x5 for residues Asp20, Glul1 and Thr26, as observed during GSHMC and MD
simulations, are presented in Tables 6 and 7, respectively. As shown in Tables 6 and 7, GSHMC requires less
(up to 14 times!) iterations (MD steps) than standard MD to achieve one statistically independent sample for
all torsion angles of catalytic residues Asp20, Glull and Thr26.

8. Summary

We have presented a more efficient implementation of the GHMC method, which is based on the use of
modified energies. The resulting GSHMC/GS2HMC methods allow the user to either perform pure sampling
or stochastic dynamics simulations.

In the case of sampling, the GS2HMC method has the advantage of keeping the acceptance rate in the
PMMC step high without having to make the angle ¢ in (70) smaller as the system size increases. However,
the transformation step (41) requires additional force field evaluations. Repeated application of the PMMC
step with a reduced value of ¢ and p = p, i.e. no transformation, provides a viable alternative.

The GS2HMC method behaves similarly to the recently proposed S2ZHMC method. An advantage of
GS2HMC over S2HMC is that it can be combined with higher-order (higher than fourth-order) modified
energies and that it can be used with partial momentum refreshment. To take full advantage of higher-order
modified energies, the force field evaluations have to be performed accurately enough and sufficiently smooth
cut-off functions need to be implemented.

For small values of ¢ = v/2yA¢, i.e. stochastic dynamics simulations, the GSHMC method without the
transformation (41) is to be recommended since the acceptance rate in the PMMC step of GSHMC is high
for small values of ¢ and since GSHMC is cheaper to implement than GS2ZHMC.

Numerical experiments have demonstrated that GSHMC/GS2HMC are suitable for NVT as well as NPT
simulations. In particular, we have shown that GSHMC/GS2HMC outperform both classical MD as well as
standard HMC in terms of sampling. Furthermore, GSHMC provides a statistically rigorous simulation tool
for stochastic dynamics in an NVT or NPT ensemble.

We finally wish to mention that the GSHMC method can be used to solve statistical inference problems
in the same manner as the standard HMC method can be applied to such problems (see, e.g. [36,37]). In
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particular, in a Bayesian framework, all inference problems can be reduced to the evaluation of certain expec-
tation values with respect to the posterior distribution of unknown variables. This target posterior distribution
can always be written out explicitly, up to a normalization constant, as

n(q) < f(yl@)mo(q) = exp(—V(q)), (74)

where f'is the probabilistic model that connects data y with unknown parameters q, 7 is the prior distribution
in q (which is often assumed to be Gaussian), and

V(q) = —log f(ylq) — logmo(q). (75)

In order to use the GSHMC to sample the posterior distribution (74), we introduce an auxiliary ‘momentum’
variable p, a (constant) symmetric mass matrix M, and the ‘guide Hamiltonian’

1 _
H=3p-[M 'p]+7(q) (76)
with associated Newtonian equations of motion
q=M"p, p=-V(q). (77)

These equations can be integrated in time by a symplectic and time-reversible method such as Stérmer—Verlet.
The resulting propagator U,, with appropriate reference Hamiltonian Hy,, is then to be used in the MDMC
part of the GSHMC method. The PMMC part and the reweighting procedure for expectation values remain
unchanged.

Appendix

We derive the sixth-order modified energy. Following the approach of Section 4.1 we first derive a modified
Lagrangian density to sixth order:
00 1 1 i— 1
()
=1

La =% <i AZ* Q“)) . lM(Q) (Z A; )

i=1 i=1

(i A “)] ~7(Q),

=1

= L+ ALY + AASLE - O(AL), (78)
where £ is given by (2), 3£ by (30), and 3£ by
5L 720{ Q- M(QQ”] +15Q- [M(Q)Q™] +20Q™ - [M(Q)Q™]}- (79)
Hence, we define the sixth-order modified Lagrangian density by
£ = £+ AP 1 AfBLY (80)

and higher-order modified Lagrangian can be found by including higher-order terms in the expansion (78).
The sixth-order modified energy is now given by

5 i—1 i 6]
| d oL
H =3 :{} (1) |5

~ | dy aQ(z‘)

ot o
with the generalization to higher-order again being straightforward.
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